Abstract. We prove that the numbers of irreducible n-dimensional complex continuous representations of the special linear groups over p-adic integers grow slower than n 2 . We deduce that the abscissas of convergence of the representation zeta functions of the special linear groups over the ring of integers are bounded above by 2. In order to show these results we prove also that if G is a connected, simply connected, semi-simple algebraic group defined over the field of rational numbers, then the G-representation variety of the fundamental group of a compact Riemann surface of genus n has rational singularities if and only if the G-character variety has rational singularities.
Introduction
In this note we prove: Theorem 1.1. There exists a constant C such that the number of isomorphism classes of continuous irreducible n-dimensional complex representations of SL d (Z p ) is less than Cn 2 for any positive integer d and prime number p.
Larsen and Lubotzky conjectured in [LL, Section 11 ] the existence of universal upper bounds. This was then shown to be at least Cn 22 by . The present paper improves this latter result.
For a topological group Γ, let r n (Γ) be the number of isomorphism classes of continuous irreducible n-dimensional complex representations. Assuming that this number is finite for every n, one defines the representation zeta function of Γ to be the Dirichlet generating function
It is known that if such functions converge then they converge in a open complex halfplane. The smallest s 0 ∈ R such that ζ Γ (s) converges for complex numbers s with real part Re(s) > s 0 is called the abscissa of convergence of ζ Γ (s) and denoted by α Γ . If ζ Γ (s) does not converge, we say that α Γ = ∞. Let K be a non-archimedean local field containing Q. By Jaikin-Zapirain [JZ] , if Λ is a compact open subgroup of SL d (K) which is also a uniform pro-p group, then ζ Λ (s) is a rational function in p −s whose denominator is a product of binomials of the form 1 − p a−bs for some integers a, b. This implies that α Λ is finite and rational. Since every compact open subgroup Γ of SL d (K) contains a finite index subgroup like Λ above, also α Γ is finite and rational (and equal to α Λ by [LM, Lemma 2.2] ). Moreover, if R N (Γ) = N n=1 r n (Γ) for N ∈ N, then log(R N (Γ))/ log N tends to α Γ as N tends to infinity. Theorem 1.1 is then true for any compact open subgroup Γ of SL d (K), and it is a consequence of the following more general theorem: Theorem 1.2. Let d be a positive integer. Let K be a non-archimedean local field containing Q. Let Γ be a compact open subgroup of SL d (K). Then α Γ < 2.
In [AA-1], the bound α Γ < 22 had been obtained with Γ as in the theorem, along with other bounds for compact open subgroups for all semi-simple algebraic groups defined over Q p . Our result complements a rather short list of known results besides .
by [JZ] and [AKOV12], = 2/3 if d = 3 and p > 3 by [AKOV13] , = 1/2 if d = 4 and p > 2 by [Z] .
The proof of Theorem 1.2 is based on Aizenbud-Avni [AA-1], together with the additional observation by Bellamy-Schedler [BS] that the SL d -character variety of a compact Riemann surface admits algebraic symplectic singularities. The new idea of this paper is that it is possible to use the machinery of [AA-1] to deduce upper-bounds for the abscissa of convergence by looking at the singularities of the SL d -character variety rather than at those of the SL d -representation variety. As we will see in the next section, the methods used by are only capable of computing the values of the representation zeta function at even natural numbers, therefore the present result is the best possible upper-bound obtainable with their techniques. Theorem 1.2 has the following notable corollaries as pointed out by Aizenbud-Avni.
This follows directly from Corollary 1.3 together with [AA-2, Theorem II], where a condition was phrased in terms of the congruence subgroup property for SL d (O k,T ). This property holds except for d = 2 and k equal to Q or an imaginary quadratic extension of Q by [BMS] , hence the statement of the above corollary. The statement of the corollary with α ≤ 22 was shown in . Here α(SL d (Z) ) is defined to be the abscissa of convergence of the representation zeta function of the group SL d (Z) , which in this case enumerates all irreducible complex representations and not only the continuous ones.
Our argument for Theorem 1.2 extends to other semi-simple algebraic groups if the associated character variety has rational singularities, that is, if the result of [BS] generalizes. In this case, Corollary 1.3 also generalizes to: Proposition 1.5. Let G be a connected, simply connected, semi-simple algebraic group defined over Q. Let n ≥ 2. Then the representation variety
has rational singularities if and only if the character variety
See Section 3 for the definitions. The "only if" direction is due to Boutot [Bou] . The "if" direction follows as in the proof of Corollary 1.3, by noting that the only new thing we have used is the fact that the SL d -character variety has rational singularities over Q. If n ≥ 374, both spaces in the corollary admit rational singularities regardless of G, by [AA-1, Theorem B] . Hence the corollary could be a step to get rid of this uniform lower bound.
Throughout the article, for a scheme X and an algebra A, we denote by X(A) the set of morphisms of Z-schemes Spec(A) → X. A variety over a field k is a k-scheme of finite type that is separated, reduced, and irreducible.
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Reduction to finite volumes
Let G be an algebraic group defined over Z. Let K be a non-archimedean local field containing Q. The set of K-rational points G(K) of G is naturally a K-analytic manifold, since in characteristic zero every algebraic group is smooth. Let Σ n be a compact Riemann surface of genus n, and let π 1 (Σ n ) be the fundamental group of Σ n based at a fixed point. For a compact open subgroup Γ of the K-analytic
In this case, the quotient
by the conjugation action admits the structure of a K-analytic manifold, together with a specific volume form v Γ by [AA-1, Section 4.3]. We will use the following fascinating relation between the volume of R(n, Γ) o /Γ and values of ζ Γ (s) due to Aizenbud-Avni:
for n ≥ 2, if any the two sides of the equation is finite. In other words, if one side converges, the other side converges too, and equals the value prescribed by the equation.
Proof. Strictly speaking, the statement of Theorem VI in [AA-1] is slightly differently phrased. There are two differences with respect to the way we stated it:
The first difference is that a certain "FRS property" is assumed in loc. cit. This property was used by them to apply [AA-1, Theorem 3.4] to guarantee the finiteness on both sides of the equality on top of p.303 of [AA-1]. If we assume however that one of those two sides is finite, the other is finite and equal to the former side since the equality is guaranteed by [AA-1, Corollary 3.6 (2)].
The extra assumption in [AA-1, Theorem VI] that the characteristic of the residue field of K must be > 2 was not used in their proof, hence we can skip it.
Similarly, the first equality in their proof of [AA-1, Theorem VI] on p.302 uses [AA-1, Proposition I] and it is stated with a finiteness assumption on ζ Γ (2n − 2). This finiteness assumption can be dropped, in the sense that the equality is true as soon as one of the sides is finite, as it is shown in their proof of [AA-1, Proposition I].
If ζ Γ (s) converges for s = s 0 , then it converges for Re(s) > Re(s 0 ) and the function thus defined is holomorphic, [S, Corollary 1, p. 66] . In particular, to show Theorem 1.2 it is enough by Theorem 2.1 to prove the following, which is the main technical result of this article: Theorem 2.2. With the assumptions as in Theorem 2.1, the volume of R(n, Γ) o /Γ with respect to v Γ is finite when Γ is a compact open subgroup of SL d (K) and n ≥ 2.
The proof of this theorem will be based on the essential features of the form v Γ which we recall next.
Proof of Theorem 2.2
Let G = SL d for a positive integer d. This an algebraic group defined over Z. Let
be the representation variety. This is an affine scheme of finite type defined over Z which is a fine moduli space for the functor from commutative rings to sets given by
There is a group scheme action of G on R(n, G) defined over Z given by conjugation.
be the categorical quotient, where the subscript ( ) Q denotes the base change to Q, A is the ring of global sections of the structure sheaf of R(n, G) Q , and A G Q is the ring of invariants
is also a universal categorical quotient. In particular, for a field extension Q ⊂ k, the base change
is the spectrum of the k-algebra
In particular M(n, G) C is an affine C-scheme of finite type, equal to the spectrum of the C-algebra of invariants (A ⊗ C)
We will make use of the following result due to Bellamy-Schedler [BS, Theorem 1.18]): By definition, a normal complex variety has (complex) algebraic symplectic singularities if there exists an algebraic symplectic 2-form on the smooth locus extending to an algebraic 2-form on any resolution of singularities. Recall that, by Beauville [B] , holomorphic, and hence also complex algebraic, symplectic singularities are Gorenstein rational singularities. For our purposes, working over C is an underkill, so next we argue that by looking at the coefficients of the polynomials defining our scheme and the symplectic form, we can restrict to Q: Lemma 3.2. If G = SL d and n ≥ 1, then M(n, G) is a variety over Q with Gorenstein rational singularities over Q.
Proof. By Theorem 3.1, M(n, G) C is a normal variety over C. This implies that M := M(n, G) is a normal variety over Q, see [SP, Tag 038L] . In particular, it is a variety over Q.
Let h :M → M be a strong resolution of singularities over Q of M, that is, a proper birational morphism which is an isomorphism above the regular locus of M. To show that M has rational singularities over Q, we will show that R i h * OM = 0 for i > 0. Let h C :M C → M C be the base change of h to C. Since regularity is preserved after base change to C, h C is a strong resolution of singularities of M C over C. Since M C → M is a base change of the flat morphism Spec(C) → Spec(Q), it is also a flat morphism. By flat base change [SP, Tag 02KE], 
defined over Z, invariant under the action of G by conjugation, such that R(n, G) o Q is a smooth variety over Q, and such that for any algebraically closed field k of characteristic zero, R(n, G) o (k) consists of representations π 1 (Σ n ) → G(k) with image generating a Zariski dense subgroup. Moreover, the geometric quotient
and is a smooth Q-subvariety of M(n, G). On M(n, G)
o one has an algebraic 2-form. Over C, this is the classical 2-form constructed by Atiyah, Bott, and Goldman, which extends to the whole smooth locus of M(n, G) C to give the symplectic structure from Theorem 3.1. We do not repeat here the definition, but only point out that from the proof in [BS] of Theorem 3.1, one sees easily that this algebraic symplectic 2-form on the smooth locus of M(n, G) C is defined over Q, hence it gives a 2-form
the smooth locus of M(n, G).
We will now use:
Proposition 3.3. ([AA-1, Corollary 3.10]) Let X be a variety with rational singularities over a non-archimedean local field of characteristic zero K, and let ω be a top differential form on X sm . Then for any A ⊂ X(K), the integral
|ω| defines a Radon measure, i.e. finite on compact subsets.
is by definition U |g|dλ, where |g| is the normalized absolute value on K and λ is the standard additive Haar measure on K n . This definition extends uniquely to a non-negative Borel measure |ω| on X sm (K), see 3 .1].
To use this proposition, consider the base change of M(n, G) to K. Then Lemma 3.2 holds with Q replaced by K. This together with the previous proposition implies:
Corollary 3.4. Let n ≥ 2 and G = SL d . Let
be the top form on M(n, G) sm generated by η G . Then for any A ⊂ M(n, G)(K), the integral
Proof of Theorem 2.2. Let p be the residue field characteristic of K and let O K be its ring of integers. The group G(K) has a natural analytic structure, which, by [DSMS, 16.6.(i) ], implies that it is an O K -analytic group in the sense of [DSMS, Definition 13.8] . The topological group Γ, therefore, can be given the structure of a p-adic analytic group by [DSMS, Theorem 13.23] ; and hence, by [DSMS, Corollary 8.34 ], it contains a finite index open uniform pro-p subgroup, say Γ 1 . See [DSMS, Definition 4 .1] for the definition of uniform pro-p group. Since the abscissas α Γ and α Γ 1 are equal by [LM, Lemma 2.2] , the representation zeta functions of Γ and Γ 1 have the same domain of convergence. We may therefore assume that Γ is a uniform pro-p group.
Consider now the natural map of K-analytic manifolds
The map q isétale onto the image, with finite fibres (cf. Lemma 4.2) and by definition the volume form v Γ on the source of this map is the pull-back of v G . We will show in Lemma 4.1 below that the number of points in the fibres of q is bounded. Hence by Corollary 3.4, to prove Theorem 2.2 it is enough to find a compact subset in M(n, G)(K) containing the image under q of R(n, Γ) o /Γ. For this purpose, denote by
the map defined by the categorical quotient, and by
. We will show that the image Q(Φ −1 (1) ∩ Γ ×2n ) is compact and contains the image q(R(n, Γ) o /Γ). This will finish the proof. Since the image of a compact set under a continuous map is compact, to show the first claim it suffices to show that Φ −1 (1) ∩ Γ ×2n is compact. Indeed, by hypothesis, Γ ⊂ G(K) is compact, and so
is closed in Γ ×2n and hence compact. For the second claim, note that
and the latter is contained in
Remark 3.5. As explained in the introduction, Corollary 1.3 now follows directly from Theorem 2.2 and . A similar argument also shows Proposition 1.5. Indeed let G be a connected, simply connected, semi-simple algebraic group defined over Q, and let n ∈ Z >0 be such that the character variety M(n, G) has rational singularities. Corollary 3.4, holds also in this more general setting and the proof of Theorem 2.2 also carries over: the argument reducing the problem to the case in which Γ is a uniform pro-p group goes through unchanged, and the map q has fibres of bounded cardinality too, as we shall see in Section 4. It follows that for all non-archimedean local fields K of characteristic 0 and all compact open Γ ≤ G(K), the abscissa α Γ < 2n − 2. So, by [AA-1, Theorem IV], Hom(π 1 (Σ n ), G) has rational singularities.
Boundedness of Γ-orbits in a G(K)-orbit
We address here the last technical issue left open in the proof of Theorem 2.2. Let G be a semi-simple algebraic group defined over Q and let K be a non-archimedean local field of characteristic zero.
Lemma 4.1. Let Γ be an open uniform pro-p subgroup of G(K). Then there exists N Γ > 0 such that the number of points in every fibre of theétale map
is smaller than N Γ .
The rest of this section is dedicated to the proof of this lemma.
Recall that q is anétale map onto the image between two analytic manifolds, which means that it is a local analytic diffeomorphism. We start by proving that the fibres of q are indeed finite. Proof. Let x ∈ R(n, G) o (K) and let X be its G(K)-orbit. The fibre of q above X is (X ∩ Γ ×2n )/Γ, where Γ acts as a subgroup of G(K). By [AA-1, Lemma 4.8 (3)] X is Zariski closed in G(K) and so X ∩ Γ ×2n is compact, which implies that the orbit space (X ∩ Γ ×2n )/Γ is compact as well. This proves that the fibre in hand is finite because q is a local diffeomorphism, hence its fibres are discrete.
Let g, h ∈ G(K), we write g.h = ghg −1 . By extension, if x = (x 1 , y 1 . . . , x n , y n ) ∈ G(K) ×2n , we write g.x = (g.x 1 , g.y 1 . . . , g.x n , g.y n ). Fix throughout x = (x 1 , y 1 . . . , x n , y n ) ∈ R(n, Γ) o and let X be its G(K)-orbit as in the proof of the previous lemma. Let also H x = x 1 , y 1 , . . . , x n , y n be the subgroup of Γ topologically generated by the entries of x, where the overline will denote closure from now on. Recall that H x is open in Γ because x ∈ R(n, Γ) o , and so it has finite index in Γ.
In order to show that q has fibres of bounded cardinality, we shall show that X ∩ Γ ×2n splits in a fixed number of Γ-orbits. We start by finding a better description for this set. Indeed, we shall show that, for g ∈ G(K), the 2n-tuple g.x lies in Γ ×2n if and only if g normalizes Γ. For this purpose, notice that
In other words it suffices to show that g normalizes Γ whenever we find an open subgroup H ≤ Γ such that g.H ≤ Γ. Before doing so, we recall some properties of uniform pro-p groups that we shall need for this proof. The group Γ is uniform and therefore finitely generated by definition. Let {γ 1 , . . . , γ r } be a minimal topological generating set for Γ. By definition, a uniform pro-p group is powerful. So, by [DSMS, Proposition 3.7] ,
Hence, for γ ∈ Γ there are λ 1 , . . . , λ r ∈ Z p such that γ = γ . . , λ r ) is a homeomorphism and it becomes an isomorphism of Z pmodules if Γ is endowed with the Z p -module structure described in [DSMS, Section 4.3] where left multiplication is defined by mγ = γ m . The next lemma introduces a left-and right-translation invariant metric on the locally compact group G(K). Let
Then {V i } i∈Z ≥0 is a decreasing countable compact (open) base at the identity. Moreover, if µ is the Haar measure on
. In what follows we denote by |m| p the p-adic absolute value of m ∈ Z p and with (λ 1 , . . . , λ r ) p = max i=1,...,r |λ i | p the p-adic norm of (λ 1 , . . . , λ r ) ∈ Z r p . In addition, if A and B are two sets, we denote by A△B = (A∪B) (A∩B) the symmetric difference of A and B. 
Proof. With the exception of the right-invariance, the first part is just [St, Lemma 1] .
To show right-invariance and the second part, we use the properties of the filtration
Thus µ(aV i △bV i ) = 2µ(V i ) = 2p −ri if ab −1 / ∈ V i and 0 otherwise. This implies that, for g ∈ G(K), µ(agV i △bgV i ) = µ(aV i △bV i ), because ab −1 = agg −1 b −1 . Thus ρ is righttranslation invariant too. The last observation also shows the last part of the statement, as we notice that γ ∈ V i if p −i ≥ (λ 1 , . . . , λ r ) p and γ / ∈ V i otherwise.
Let N be the normalizer of Γ in G(K).
Proof. Since Γ is uniform, it is homeomorphic to Z r p and hence we may assume that H is topologically generated by γ Hence η −1 (λ i1 , . . . , λ ir ) ∈ Z r p and therefore g.γ i ∈ Γ because the function associating an element of Γ with its exponents for the generating set {γ 1 , . . . , γ r } is a Z p -module isomorphism between the Z p -module Γ and Z r p . Lemma 4.4 shows that g ∈ N whenever the conjugation by g ∈ G(K) sends H x to a subgroup of Γ. This means exactly that for each y ∈ X ∩ Γ ×2n , there is h ∈ N such that y = h.x, and hence that X ∩ Γ ×2n = N.x. The next lemma finishes the proof of Lemma 4.1. Let Z = Z(G(K)). Then ΓZ ≤ N because Γ and Z are both subgroups of N and commute with each other. Proof. We show that the set of Γ-orbits (X ∩ Γ ×2n )/Γ is in bijection with the set of left ΓZ-cosets N/ΓZ. For y ∈ X ∩ Γ, let O Γ (y) denote its Γ-orbit. We shall show that the following rule defines a bijective map:
We start by proving that ϕ is well-defined. Let h ∈ N and γz ∈ ΓZ. Since N normalizes Γ, there exists γ ′ ∈ Γ such that hγ = γ ′ h. Thus O Γ (h.x) = O Γ (γ ′ h.x) = O Γ (hγz.x) because Z acts trivially on Γ ×2n . The map ϕ is surjective because X ∩Γ = N.x as Lemma 4.4 and subsequent discussion show. We now show that ϕ is injective. Take h, h ′ ∈ N such that O Γ (h.x) = O Γ (h ′ .x). There is γ ∈ Γ such that γh ′ .x = h.x.
Hence h −1 γh = z ∈ Z because by the proof of [AA-1, Lemma 4.8 (3)] the stabilizer of x for the G(K)-action on R(n, G) o (K) is Z. It follows that γh ′ = hz = zh and so h −1 h ′ = γ −1 z ∈ ΓZ, showing that ϕ is injective.
